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Abstract
We prove that the vertex set of a Kℵ0 -free weakly median graph G endowed with the weak topology associated with the geodesic
convexity on V (G) is compact if and only if G has one of the following equivalent properties: (1) G contains no isometric rays;
(2) any chain of interval of G ordered by inclusion is ﬁnite; (3) every self-contraction of G ﬁxes a non-empty ﬁnite regular weakly
median subgraph of G. We study the self-contractions of Kℵ0 -free weakly median graphs which ﬁx no ﬁnite set of vertices. We also
follow a suggestion of Imrich and Klavzar [Product Graphs, Wiley, NewYork, 2000] by deﬁning different centers of such a graph
G, each of them giving rise to a non-empty ﬁnite regular weakly median subgraph of G which is ﬁxed by all automorphisms of G.
© 2006 Elsevier B.V. All rights reserved.
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1. Introduction
We pursue in this second article the investigation of geodesic structures in weakly median graphs, with the aim of
studying relationships between the geodesic convexity and the weak topology which has the same subbase in terms of
closed sets.
A vertex x of a graph G geodesically dominates (geo-dominates for short) a subset A of V (G) if, for every ﬁnite
S ⊆ V (G− x), there exists an a ∈ (A− {x}) ∩ V (CG(x)) such that S ∩ IG(x, a)= ∅, where CG(x) is the connected
component of G containing x. In [10] the vertex set of a graph G was endowed with a topology, called the geodesic
topology where a subset A of V (G) is closed if and only if every vertex which geo-dominates A belongs to A. The
cornerstone of this paper is that, if G is a Kℵ0 -free weakly median graph, then the geodesic topology is the weak
topology associated to the geodesic convexity. We recall (see [16]) that the common subbase of the two structures,
convexity and topology, contains the copoints of the convexity.
Part I [4] was devoted to the decomposition of weakly median graphs (with complements in the inﬁnite case to
some results of Bandelt and Chepoi [2] and the description of the half-spaces of the geodesic convexity). Part II
focuses on compactness properties, which requires two preliminary results about intervals. The ﬁrst one establishes
some conditions to the existence of maximal intervals in conjunction with the absence of inﬁnite simplices and iso-
metric rays.The secondone introduces the concept ofhyperinterval in the context of inﬁnite convex sets: a subsetHof the
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vertex set of a graphG is a hyperinterval if each ﬁnite subset ofH is contained in an interval which is contained inH. The
main result presents several equivalent conditions of compactness for a Kℵ0 -free weakly median graph G; especially,
absence of isometric rays, ﬁniteness of every chain of intervals, ﬁxed subgraph property.
Finally, as a consequence of this theorem, we propose a contribution to the deﬁnition of a center of an inﬁnite
graph. In [7] Imrich and Klavzar suggested to determine whether the concept of the distance center of a ﬁnite graph
can be somehow generalized to the inﬁnite case. It certainly cannot be done straightforwardly, but as it seems that
they proposed this problem in order to ﬁnd some ﬁnite subgraph of a particular inﬁnite weakly modular graph that is
ﬁxed by all automorphisms of this graph, we partly come up to their expectations by deﬁning for a Kℵ0 -free weakly
median graph G containing no isometric rays three different kinds of ﬁnite centers. These centers have the required
property inasmuch as they are ﬁxed by all automorphisms of G. Moreover, as does any non-empty ﬁnite invariant set
of vertices of G, each of them gives rise to a non-empty ﬁnite regular weakly median subgraph of G which is ﬁxed by
all automorphisms of G.
2. Preliminaries
We will use, without recalling them, the deﬁnitions and notations introduced in Part I of this paper [4]. However, we
recall that in both papers, the graphs we consider are connected unless stated otherwise.
The ends of a graph G are the classes of the equivalence relation deﬁned on the set of all rays of G as follows: two
rays R andR′ are said to be end-equivalent if and only if there is a rayR′′ whose intersections with R andR′ are inﬁnite,
or equivalently if and only if V (R) and V (R′) are inﬁnitely linked in G. For an end  of G and a ﬁnite S ⊆ V (G) we
denote by CG−S() the unique component of G − S which contains an element of .
An inﬁnite subset S of V (G) is concentrated in G if it has the following equivalent properties (see
[9, Theorem 3.3]):
(i) there exists an end  such that S − V (CG−F ()) is ﬁnite for every ﬁnite F ⊆ V (G) (S is said to be concentrated
in );
(ii) any two inﬁnite subsets of S cannot be separated by removing ﬁnitely many vertices.
For example, the vertex set of any ray of a graph G is concentrated in the end of G containing R. Note that any inﬁnite
subset of a concentrated set is also concentrated.
In [10] it was proved that:
Lemma 2.1 (Polat [10, Theorem 3.9]). Let G be a graph. The following assertions are equivalent:
(i) G contains no isometric rays.
(ii) The geodesic space V (G) is compact.
(iii) Every inﬁnite subset of V (G) is geo-dominated.
(iv) Every concentrated subset of V (G) is geo-dominated.
(v) The vertex set of every ray of G is geo-dominated.
We recall three properties of the geodesic convexity of weakly median graphs that we will need in this paper.
Proposition 2.2 (Chepoi [5]). Every interval of a weakly median graph is convex.
Corollary 2.3 (Polat [13, Corollary 5.7]). The polytopes of an interval-ﬁnite weakly median graph are the ﬁnite
convex sets.
As a consequence of a more general result of Chepoi [6, Theorem 11], we have the following property:
Proposition 2.4. The geodesic convexity of a weakly median graph is S4, i.e., if C,D ⊆ V (G) are disjoint convex
sets, then there is a half-space H with C ⊆ H and D ∈ V (G) − H .
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3. Maximal intervals
In the following G will denote a weakly median graph. We will study the existence of intervals of G which are
maximal with respect to inclusion. We recall that for A ⊆ V (G) and x ∈ V (G) − A we deﬁned the threshold of A for
x as the set
A(x) := {a ∈ A : dG(a, x) = dG(A, x)}.
Lemma 3.1 (Chastand and Polat [4, Lemma 4.1]). Let A be a convex set of vertices of a weakly median graph G, and
x ∈ V (G) − A. Then:
(i) A(x) is convex.
(ii) IG(a, x) ∩ A(x) = ∅ for every a ∈ A.
Lemma 3.2. Let A be a convex set of vertices of G such that A ⊆ IG(u, v) for some u, v ∈ V (G). Then for each x ∈ A
there exists an (u, v)-geodesic containing x which meets A(u) and A(v).
Proof. By Lemma 3.1(ii) there are an (u, x)-geodesic Pu which meets A(u) and an (x, v)-geodesic Pv which meets
A(v). Since A ⊆ IG(u, v), it follows that x belongs to an (u, v)-geodesic. This clearly implies that Pu ∪ Pv is such a
geodesic. 
Lemma 3.3. Let A be a convex set of vertices of G such that A ⊆ IG(u, v) for some u, v ∈ V (G), and let r :=
dG(A
(u), A(v)). Then for every x ∈ A(u) there exists y ∈ A(v) such that dG(x, y) = r . In particular, A(u) = A(v) = A
if r = 0.
Proof. (a) Let x ∈ A(u). By Lemma 3.2, there is an (u, v)-geodesic which contains x and which meets A(v). Let y be
the only vertex of this intersection. Now let u′ ∈ A(u) and v′ ∈ A(v) be such that dG(u′, v′) = r . Clearly
dG(u, v) = dG(u, u′) + dG(u′, v′) + dG(v′, v)
= dG(u, x) + r + dG(y, v).
Hence dG(x, y) = r .
(b) Suppose that r = 0. Then, by (a), A(u) ⊆ A(v), and by exchanging u and v, A(v) ⊆ A(u). Furthermore, because
by Lemma 3.2 each vertex of A belongs to an (u, v)-geodesic which meets A(u) and A(v), it follows that A(u) =
A(v) = A. 
Lemma 3.4. Let A and B be two convex sets of vertices of G such thatA ⊆ B, and let x ∈ V (G)−B. IfA(x)∩B(x) = ∅,
then A(x) = A ∩ B(x).
Proof. Suppose that A(x) ∩ B(x) = ∅ and let a be a vertex in this intersection. Let b ∈ A(x). Then b ∈ B and
dG(x, b) = dG(x, a) = dG(x, B). Hence b ∈ B(x). The converse is trivial since dG(x, B)dG(x,A). 
Lemma 3.5. Let IG(u, v) be an interval of G, x ∈ V (G) − IG(u, v) and (x′, u′, v′) the quasi-median of (x, u, v).
Then IG(u, v)(x) = IG(u′, v′).
Proof. By the uniqueness of the median, this is obvious if x′ = u′ = v′. Suppose that the quasi-median (x′, u′, v′) is
of size at least 1. By Lemma 3.1(ii) and the fact that (x′, u′, v′) is a metric triangle, IG(u′, v′) ⊆ IG(u, v)(x) := A. By
Lemma 3.1(i), coG(A(u) ∪ A(v)) ⊆ A. By the deﬁnition of a quasi-median, u′ ∈ A(u) and v′ ∈ A(v).
Suppose that A(u) ∪ A(v) = {u′, v′}. Then, by Lemma 3.1(ii), there is (a, b) ∈ A(u) × A(v) with (a, b) = (u′, v′)
such that a, b belong to an (u, v)-geodesic. Let (x′′, a′, b′) be the quasi-median of (x, a, b). Since a, b ∈ A, it follows
that a = a′ and b = b′. Moreover, because u is equidistant from u′ and a, and v is equidistant from v′ and b, it follows
that x′′ and a (resp. b) belong to an (x, u)-geodesic (resp. (x, v)-geodesic). Therefore (x′′, a, b) is a quasi-median of
(x, u, v), and therefore x′′ = x′, a = u′ and b = v′ by the uniqueness of the quasi-median in a weakly median graph.
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Consequently A(u) = {u′} and A(v) = {v′}. Hence, by Lemma 3.2, A = IG(u′, v′). 
We will say that an interval IG(u, v) is relatively maximal if any (u, v)-geodesic is maximal. Note that, in a graph
which contains no isometric rays, each interval is contained in a relatively maximal interval.
Lemma 3.6. Let IG(u, v) and IG(x, y) be two intervals of G such that IG(u, v) ⊆ IG(x, y). If IG(u, v) is relatively
maximal, then at least x or y does not belong to IG(u, v) and dG(u, v)< dG(x, y).
Proof. By Proposition 2.2, IG(u, v) is convex. Hence, if x, y ∈ IG(u, v), then IG(x, y) ⊆ IG(u, v). Suppose that
x /∈ IG(u, v). Then dG(u, v)< dG(u, x) + dG(x, v). Moreover, dG(u, v)dG(u, y) + dG(y, v). Hence 2dG(u, v)<
dG(u, x) + dG(u, y) + dG(x, v) + dG(y, v) = 2dG(x, y). 
Lemma 3.7. Let A := IG(u0, v0), B := IG(u1, v1) and C := IG(u2, v2) be three relatively maximal intervals of G
such that A ⊂ B ⊂ C, A(u1) = A(u2) and A(v1) = A(v2). Then:
(i) A(u2) = B(u2) or A(v2) = B(v2).
(ii) A(u2) ∩ B(u2) = ∅ if |A(u1)|2.
(iii) A(v2) ∩ B(v2) = ∅ if |A(v1)|2.
Proof. (i) Assume that A(u2) = B(u2) and A(v2) = B(v2). By Lemma 3.6 and since A ⊂ B, one of the endpoints of B,
say u1, does not belong to A. By Lemma 3.2 and since B ⊂ C, there exists a (u2, v2)-geodesic P which contains u1
and such that P [u2, u1] meets B(u2) in some vertex a and P [u1, u2] meets B(v2) in some vertex b. By Lemma 3.1(ii)
and since B(v2) =A(v1) ⊆ A, there is a (u1, b)-geodesic which meets A(u1). Without loss of generality we can suppose
that this is the geodesic P [u1, b] which meets A(u1). Therefore
dG(u2, v2) = dG(u2, B(u2)) + 2dG(B(u2), u1) + dG(B(u2), B(v2)) + dG(B(v2), v2).
On the other hand, by the deﬁnition of B(u2) and of B(v2),
dG(u2, v2) = dG(u2, B(u2)) + dG(B(u2), B(v2)) + dG(B(v2), v2).
Consequently dG(B(u2), u1) = 0, contrary to the hypothesis that u1 /∈A since B(u2) = A(u2) ⊆ A.
(ii) Assume that |A(u1)|2 and A(u2) ∩ B(u2) = ∅. By Lemma 3.4, A(u2) ⊆ B(u2). By Lemma 3.1, A(u1) is convex.
Hence it contains two adjacent vertices a and b. Since |A(u1)|> 1 and A(u2) ⊆ B(u2), the vertices u1, v1 and u2 do not
belong to A. Therefore a and b are equidistant from u1 and from u2, and also from v1 because a and b belong to some
(u1, v1)-geodesics. Hence, by the triangle property, there exist three common neighbors u′1, v′1 and u′2 of a and b such
that u′1 ∈ IG(u1, a) ∩ IG(u1, b), v′1 ∈ IG(v1, a) ∩ IG(v1, b) and u′2 ∈ IG(u2, a) ∩ IG(u2, b). Due to the fact that G is
weakly median, these vertices u′1, v′1 and u′2must induce a connected subgraph.
Since u′1 and v′1 are not adjacent because 〈u′1, a, v′1〉 is contained in an (u1, v1)-geodesic, it follows that u′2 is adjacent
with u′1 and v′1. Therefore, because u′1 and v′1 belong to B,
dG(u2, B)dG(u2, u′1)dG(u2, a) = dG(u2, A) = dG(u2, B)
and
dG(u2, B)dG(u2, v′1)dG(u2, a) = dG(u2, A) = dG(u2, B).
Hence u′1, v′1 ∈ B(u2). Since B(u2) is convex by Lemma 3.1(i), it follows that u′2 must also belong to B(u2), contrary to
the deﬁnition of u′2.
(iii) is obtained from (ii) by exchanging u and v. 
We will say that a graph is interval-ﬁnite if all its intervals are ﬁnite. In particular we have:
Lemma 3.8 (Polat [13, Lemma 5.1]). A Kℵ0 -free weakly median graph is interval-ﬁnite.
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Lemma 3.9. Let G be an interval-ﬁnite weakly median graph G. If there is an inﬁnite sequence (IG(un, vn))n∈N of
interval of G such that IG(un, vn) ⊂ IG(un+1, vn+1) for every non-negative integer n, then there exists an isometric
ray of G which is contained in⋃n∈N IG(un, vn).
Proof. (a) Let (IG(un, vn))n∈N be an inﬁnite sequence of intervals of G with IG(un, vn) ⊂ IG(un+1, vn+1) for every
non-negative integer n. Suppose that no isometric ray of G is contained in
⋃
n∈N IG(un, vn). Then we can suppose
without loss of generality that, for every n ∈ N, An := IG(un, vn) is relatively maximal.
Since each interval of G is ﬁnite, there is an inﬁnite subset P of N such that for all n, p, q ∈ P with n<p<q,
A
(up)
n = A(uq)n and A(vp)n = A(vp)n . Without loss of generality we will suppose that P =N.
Now, for all m, n, p, q ∈ P with m<n<p<q, by Lemma 3.7(i), A(up)m = A(up)n or A(vp)m = A(vp)n . Hence
|A(up)n |2 or |A(vp)n |2. Therefore, by Lemma 3.7(ii),A(uq)n ∩A(uq)p =∅ orA(vq)n ∩A(vq)p =∅. Therefore, by Ramsey’s
theorem, there is either an inﬁnite subset Nu of N such that A
(uq)
n ∩ A(uq)p = ∅ for all n, p, q ∈ Nu with n<p<q, or
an inﬁnite subset Nv of N such that A
(vq)
n ∩ A(vq)p = ∅ for all n, p, q ∈ Nv with n<p<q.
Finally, without loss of generality, we will assume that the sequence (An)n∈N is such that for all n, p, q ∈ N with
n<p<q:
• A(up)n = A(uq)n ;
• A(uq)n ∩ A(uq)p = ∅.
(b) For every non-negative integer n there exists, by [4, Lemma 4.1(ii)], a (un, u0)-geodesic Pn which meets A(un)i
for all i < n. We will construct three sequences N0, N1, . . . , m0,m1, . . . and a0, a1, . . . such that:
• mn is the smallest element of Nn;
• an+1 ∈ A(umn)n ;
• Nn+1 is an inﬁnite subset of Nn − {mn} such that Pj [an, a0] = Pmn+1[an+1, u0] for every j ∈ Nn+1.
Put N0 := N, m0 := 0 and a0 := u0. Suppose that N0, . . . , Nn, m0, . . . , mn and a0, . . . , an have already been
constructed for some n0. By the induction hypothesis, since Nn is inﬁnite and An ﬁnite for all non-negative integer
n, there exists an inﬁnite subset Nn+1 of Nn and an an+1 ∈ A(umn)n such that, if mn+1 is the smallest element of Nn+1,
then Pj [an, a0] = Pmn+1[an+1, u0] for every j ∈ Nn+1.
Now, by the construction,
⋃
n∈N Pmn [an, u0] is clearly an isometric ray of G which is contained in
⋃
n∈N IG(un, vn),
which is in contradiction to our hypothesis. 
Theorem 3.10. Let G be an interval-ﬁnite weakly median graph G. Then every chain of intervals of G ordered by
inclusion is ﬁnite if and only if G contains no isometric rays.
Proof. Let 〈x0, x1, . . .〉 be an isometric ray of G. Then (IG(x0, xn))n∈N is an inﬁnite sequence of intervals of G such
that IG(x0, xn) ⊂ IG(x0, xn+1) for every non-negative integer n. The converse is a consequence of Lemma 3.9. 
Corollary 3.11. LetG be an interval-ﬁnite weaklymedian graphG containing no isometric rays. ThenGhas amaximal
interval and moreover each interval of G is contained in a maximal interval.
4. Inﬁnite convex sets and hyperintervals
If a convex set C in a tree G is inﬁnite, then it contains the vertex set A of a ray (which is obviously an isometric ray
of G) or a vertex x of inﬁnite degree with inﬁnitely many neighbors of this vertex. In the ﬁrst caseA is an inﬁnite convex
set such that each ﬁnite subset of A is contained in an interval contained in A. In the second case B := NG[x] ∩ C
induces a K1,ℵ0 in G. Hence, in particular, if the tree G is rayless (that is contains no rays), then each inﬁnite convex
set in G contains an inﬁnite convex subset which induces a K1,ℵ0 in G. In these two sections we will see that weakly
median graphs enjoy similar properties.
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By Theorem 3.10, if an interval-ﬁnite weakly median graph G contains an isometric ray, then there exists an inﬁnite
chain of intervals in G. The union of this chain is clearly a convex set C of G such that each ﬁnite subset of C
is contained in an interval belonging to the chain, and thus which is itself contained in C. This brings us to study
what we will call a hyperinterval of G. From now on, in this section, by a graph we will mean an interval-ﬁnite
graph.
Deﬁnition 4.1. We call hyperinterval of a graph G a set H of vertices of G such that each ﬁnite subset of H is contained
in an interval IG(u, v) ⊆ H .
Clearly a ﬁnite hyperinterval is an interval, and the union of an up-directed set of hyperintervals is an interval.
Consequently the set of all hyperintervals of a graph G ordered by inclusion is inductive, and thus G has a maximal
hyperinterval and each hyperinterval of G is contained in a maximal hyperinterval. Furthermore a hyperinterval of a
graph G is convex if all intervals of G are convex, which is the case if G is a weakly median graph by Proposition 2.2.
Proposition 4.2. If H is a hyperinterval of a graph G, then for each countably inﬁnite A ⊆ H there exists an inﬁnite
sequence (In)n∈N of intervals of G such that for every non-negative integer n:
• In ⊆ H ;
• In ⊆ In+1;
• A ⊆⋃n∈N In.
Proof. Let A = {an : n ∈ N}. We will proceed by induction on n. By the deﬁnition of a hyperinterval there exists an
interval I0 ⊆ H such that {a0} ⊆ I0. Suppose that I0, . . . , In have already been constructed for some non-negative
integer n. If an+1 ∈ In, then put In+1 := In. Otherwise, by the deﬁnition of a hyperinterval there exists an interval
In+1 ⊆ H such that In ∪ {an+1} ⊆ In+1. The sequence (In)n∈N has the required properties. 
As a consequence of Theorem 3.10 and of Proposition 4.2 we have:
Corollary 4.3. Let G be an interval-ﬁnite weakly median graph. Then every hyperinterval is ﬁnite if and only if G
contains no isometric rays.
By the preceding proposition, a countably inﬁnite hyperinterval H is the union of an inﬁnite strictly increasing
sequence of intervals contained in H. Particular countably inﬁnite hyperintervals are the one-way hyperintervals and
the two-way hyperintervals. A one-way hyperinterval is the union of a sequence (IG(u0, un))n∈N of intervals such that
un ∈ IG(u0, un+1) for every n ∈ N. A two-way hyperinterval is the union of a sequence (IG(u−n, un))n∈N of intervals
such that u0 ∈ IG(u−n, un+1), un ∈ IG(u0, un+1) and u−n ∈ IG(u0, u−(n+1)) for every n ∈ N.
Clearly H is a one-way hyperinterval (resp. two-way hyperinterval) if there is an isometric ray R = 〈x0, x1, . . .〉
(resp. an isometric double ray D = 〈. . . , x−1, x0, x1, . . .〉) such that H =⋃n∈N IG(x0, xn) = coG(V (R)) (resp. H =⋃
n∈N IG(x−n, xn) = coG(V (D))).
The one-way and two-way hyperintervals are not the only hyperintervals. For example the vertex set of the inﬁnite
grid is a hyperinterval. We will now show the relation between hyperintervals of a graph G and the ends of this graph,
and more particularly, when G is weakly median, the link between the hyperintervals of G and the isometric rays of G.
Lemma 4.4. Let G be an inﬁnite graph whose vertex set is a hyperinterval. Then, for every ﬁnite S ⊆ V (G), the
subgraph G − S has only ﬁnitely many components and at most two inﬁnite components.
Proof. Suppose that, for some ﬁnite S ⊆ V (G), the subgraph G − S has inﬁnitely many components or at least
three inﬁnite components. Then, since S is ﬁnite and since each ﬁnite set of vertices of G must be contained in an
interval of G because V (G) is a hyperinterval, it follows that there must exist two vertices u, v ∈ S whose interval
contains inﬁnitely many vertices belonging to different ﬁnite components of G− S or to an inﬁnite component of this
subgraph, but this will be in contradiction to the convention that all graphs in this section are assumed to be interval-
ﬁnite. 
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We will need the following lemma:
Lemma 4.5 (Polat [9, Lemma 3.1]). Let G be a graph, and let A be an inﬁnite subset of V (G) such that, for any ﬁnite
S ⊆ V (G), the set of components of G − S which have an inﬁnite intersection with A is non-empty and ﬁnite. Then G
contains a ray R with inﬁnitely many pairwise disjoint (A, V (R))-paths.
Proposition 4.6. Let H be an inﬁnite hyperinterval of a graph G. Then G[H ] has exactly one or two ends.
Proof. Without loss of generality we will suppose that V (G) = H . By Lemma 4.4 and because G is inﬁnite,
G − S has at least one and at most two inﬁnite components. Therefore G contains a ray by Lemma 4.5 with
A := V (G).
Now suppose that G has more than two ends. Let 1, 2, 3 be three ends of G. By the properties of ends, there exists
a ﬁnite S ⊆ V (G) which separates these ends, that is there are three components C1, C2, C3 of G − S such that Ci
contains a ray belonging to i for i=1, 2, 3, but this contradicts the fact thatG−S has at most two inﬁnite components
by Lemma 4.4. Hence G has at most two ends. 
Note that, if H is an inﬁnite hyperinterval of a graph G, thenG[H ] is not necessarily end-respecting, that is, ifG[H ]
has two ends, then all the rays of G[H ] can belong to the same end of the graph G. This is in particular the case of any
two-way hyperinterval of the inﬁnite grid.
Lemma 4.7. Let G be an interval-ﬁnite weakly median graph whose vertex set is a hyperinterval. If S is a ﬁnite convex
set of G such that G − S has two inﬁnite components C1 and C2, then there exists a vertex u ∈ V (C1) such that, for
each ﬁnite F ⊆ V (C2), there is a vF ∈ V (C2) with S ∪ F ⊆ IG(u, vF ).
Proof. (a) First note that if u and u′ are two vertices of C1 such that the thresholds S(u) and S(u′) of S for u and u′,
respectively, are equal, then by Lemma 3.1, for every v ∈ V (C2),
IG(u, v) ∩ V (C2) =
⋃
s∈S(u)
IG(s, v) ∩ V (C2) =
⋃
s∈S(u′)
IG(s, v) ∩ V (C2) = IG(u′, v) ∩ V (C2).
(b) Now, because V (G) is a hyperinterval, for each ﬁnite F ⊆ V (C2), there exists an interval IG(uF , vF ) which
contains S ∪ F . Because S is ﬁnite there exists an A ⊆ S such that, for each ﬁnite F ⊆ V (C2), there is a ﬁnite
F ′ ⊆ V (C2) with F ⊆ F ′ and S(uF ′ ) = A. Let u ∈ V (C1) be such that S(u) = A. Then, by (a), for every ﬁ-
nite F ⊆ V (C2), there is a ﬁnite F ′ ⊆ V (C2) with F ⊆ F ′ ⊆ IG(uF ′ , vF ′) ∩ V (C2) = IG(u, vF ′) ∩ V (C2) ⊆
IG(u, vF ′). 
Proposition 4.8. Let G be an interval-ﬁnite weakly median graph, and H an inﬁnite hyperinterval of G. Then, for each
end  of the induced subgraph G[H ], there is an isometric ray of G which belongs to .
Proof. (a) Let  be an end of G[H ] and let R ∈ . By Proposition 4.2 there exists an inﬁnite sequence (In)n∈N of
intervals of G such that In ∈ In+1 ⊆ H for every n ∈ N and V (R) ⊆ ⋃n∈N In. Since all intervals of G are ﬁnite and
V (R) is inﬁnite we can suppose that In ⊂ In+1 for every n ∈ N. Then, by Lemma 3.9, there is an isometric ray R′ of
G which is contained in
⋃
n∈N In.
(b) By Proposition 4.6, G[H ] has at most two ends. We are done if it has only one end. Suppose that G[H ] has two
ends. Then there is a ﬁnite S ⊆ H which separates these two ends. It follows that G[H ] − S has exactly two inﬁnite
components, say C1 and C2. Without loss of generality we can suppose that R ⊆ C2, and also that S is convex since
any hyperinterval of a weakly median graph is convex and the convex hull of a ﬁnite set is ﬁnite by Corollary 2.3. Then,
because of Lemma 4.7, the construction of the sequence (In)n∈N of intervals of G can be done in such a way that any
two intervals In and Ip have the same endpoint in V (C1) ∪ S. Therefore the isometric ray R′ that we obtained in (a)
contains a subray in C2, which implies that R′ ∈ . 
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Next result follows immediately from Propositions 4.6 and 4.8.
Corollary 4.9. A hyperinterval of an interval-ﬁnite weakly median graph G is inﬁnite if and only if it contains an
isometric ray of G.
This result can be false if G is not weakly median as is shown by the following example. Let (Gn)n∈N be a family of
ﬁnite graphs such that G0 is a simplex of order two whose vertex set is {u0, u1} and, for every n0, Gn+1 is obtained
by joining two new vertices un+1 and vn+1 to all vertices of Gn by pairwise internally disjoint paths of length n + 1
having no internal vertex in V (Gn). Then the graphG :=⋃n∈NGn is connected, interval-ﬁnite and contains no inﬁnite
simplices and no isometric rays, but it is not weakly modular and its vertex set is an inﬁnite hyperinterval because
{V (Gn) : n ∈ N} is an inﬁnite chain of intervals of G.
Now we will generalize the properties of inﬁnite convex sets in a tree that we mentioned at the beginning of this
section.
Lemma 4.10. Let G be a Kℵ0 -free weakly median graph. Then any two distinct vertices of G have only ﬁnitely many
common neighbors.
Proof. Suppose that two vertices x and y of G are such that the set A := NG(x) ∩NG(y) is inﬁnite. By the properties
of a weakly median graph, any three elements of A induce a connected subgraph in G. Hence, by Ramsey’s theorem,
there is an inﬁnite subset of A which induces a simplex in G, contrary to the hypothesis on G. 
Theorem 4.11. Let G be a Kℵ0 -free weakly median graph. Then each inﬁnite convex set in G contains a one-way
hyperinterval or an inﬁnite convex subset which induces a K1,ℵ0 in G.
Proof. Let C be an inﬁnite convex set in G. IfH := G[C] contains an isometric ray R, then R is isometric in G. Hence
C contains the one-way hyperinterval coG(V (R)). Assume that H contains no isometric rays. Then, by Lemma 2.1, C
is geo-dominated by some vertex u of H. This implies in particular thatNH(u) is inﬁnite. Since H contains no isometric
rays there exists a non-negative integer n and a ﬁnite sequence u0, . . . , un of vertices of H such that u0 := u and for
every i < n:
• ui+1 ∈ NH(ui) ∩ SH (u, i + 1);
• NH(ui+1) ∩ SH (u, i + 2) is inﬁnite;
• NH(x) ∩ SH (u, n + 2) is inﬁnite for every x ∈ NH(un) ∩ SH (u, n + 1).
We will prove that there is an inﬁnite subset of the setA := NH(un)∩SH (u, n+ 1) such that the distance inH −un
between any two of its elements is at least 3. First note that, by Lemma 4.10, no vertex of H − un can be adjacent to
inﬁnitely many elements of A. Moreover, since G contains no inﬁnite simplices, by Ramsey’s theorem, there exists an
inﬁnite subset B of A whose elements are pairwise non-adjacent.
We claim that no element of SH (u, n) distinct from un can be adjacent to two distinct elements a and b of B. Indeed,
if such a vertex v exists, then, by the quadrangle condition, there will be a vertexw ∈ SH (u, n−1)∩NH(un)∩NH(v).
Hence a, b andw will be common neighbors of un and v. Since G is weakly median, this will imply that a and b should
be adjacent to w, contrary to the fact that a, b ∈ SH (u, n + 1).
Finally we claim that no vertex in B is adjacent to inﬁnitely many elements of SH (u, n + 1). Suppose that there is
a ∈ B and x0, x1, . . . ∈ SH (u, n + 1) such that a is adjacent to xn for every non-negative integer n. By the triangle
condition, for each n1, there exists a vertex yn ∈ SH (u, n)∩NH(x0)∩NH(xn). By Lemma 3.8, the interval IG(u, x0)
is ﬁnite. Hence there exists a vertex y such that yn=y for inﬁnitely many n. Therefore the vertices a and y have inﬁnitely
many common neighbors, contrary to Lemma 4.10. This proves the last claim.
Consequently each vertex in B has a ﬁnite degree in H, and un is the only vertex of H which is adjacent to inﬁnitely
many elements of B. Therefore the distance in H − un of each element of B to each other one, except possibly ﬁnitely
many of them, is greater than 2. Hence there is clearly an inﬁnite subset D of B such that the distance in H − un, and
thus in G− un because C is convex, between any two elements of D is greater than 2. The set {un} ∪D is then convex
and induces a K1,ℵ0 in G. 
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By Corollary 4.3 and the preceding theorem we obtain:
Corollary 4.12. Let G be a Kℵ0 -free weakly median graph. Then every inﬁnite convex set in G contains an inﬁnite
convex subset which induces a K1,ℵ0 in G if and only if G contains no isometric rays.
5. Geodesic topology in weakly median graphs
For a subset A of vertices of a graph G, we will denote by MG(A) the set of all vertices belonging to IG(a, b) for
every pair {a, b} of distinct elements of A. From Lemmas 4.4, 5.1 and 5.2 of [13] we have:
Lemma 5.1. Let G be a Kℵ0 -free weakly median graph, and let A be an inﬁnite subset of V (G). Then a vertex m of G
geo-dominates A if and only if m ∈ MG(B) for some inﬁnite subset B of A. Furthermore |MG(A)|1.
Corollary 5.2. Let G be a Kℵ0 -free weakly median graph. Then the vertex set of any weakly median subgraph of G is
geodesically closed.
Proof. Let H be a weakly median subgraph of G. We are done if H is ﬁnite. Suppose that H is inﬁnite, and let m be a
vertex which geo-dominates V (H). By Lemma 5.1, m ∈ MG(A) for some inﬁnite A ⊆ V (H). Then m is the median
of every triple of elements of A. Therefore m ⊆ V (H) by the deﬁnition of a weakly median subgraph. 
Theorem 5.3. Let G be a Kℵ0 -free weakly median graph. Then the geodesic topology on V (G) is the weak topology,
that is, the topology (in terms of closed sets) generated by the convex subsets of V (G) as a subbase.
Proof. We have to show that every geodesically closed set is an intersection of a ﬁnite union of convex sets. By
Corollary 5.2 every convex subset of V (G) is geodesically closed. Let A be an inﬁnite subset of V (G) and u a vertex
of G−A which belongs to the geodesic closure of A. Hence u geo-dominates A and thus, by Lemma 5.1, u ∈ MG(B)
for some inﬁnite B ⊆ A. Let (Ci)1 in be a ﬁnite family of convex sets whose union contains A. Since B is inﬁnite,
there are two elements b and b′ of B which belongs to some Ci . Hence IG(b, b′) ⊆ Ci by the convexity of Ci , and thus
u ∈ Ci . Therefore u belongs to the intersection of every ﬁnite union of convex sets which contains A. 
We recall that an abstract topological convex structure (X,C) is
• NS2 if, for each pair of distinct points p, q ∈ X, there is a convex closed neighborhood N of p with q /∈N .
• NS3 if, for each convex closed set C and each point p /∈C, there is a convex closed neighborhood N of C with p /∈N .
• NS4 if, for each pair C,D of disjoint convex closed sets, there is a convex closed neighborhood N of C with
N ∩ D = ∅.
Proposition 5.4. The vertex set of a Kℵ0 -free weakly median graph endowed with the geodesic convexity and the
geodesic topology is NS4.
Proof. This is an immediate consequence of the facts that, by Proposition 2.4, the geodesic convexity is S4, and that,
by Theorem 5.3, each half-space is both closed and open. 
Lemma 5.5 (van deVel [16, Chapter III, Section 4, Proposition 4.7(1)]). Theweak topology of anNS3 space is regular.
From Proposition 5.4, Lemma 5.5 and the fact that NS4 implies NS3 follows the topological counterpart:
Proposition 5.6. The vertex set of a Kℵ0 -free weakly median graph endowed with the geodesic topology is a regular
space.
We have a stronger result if the geodesic space is compact.
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Proposition 5.7. The vertex set of a Kℵ0 -free weakly median graph G containing no isometric rays endowed with the
geodesic topology is a normal space.
Proof. Let G be a Kℵ0 -free weakly median graph containing no isometric rays. By the equivalence (i) ⇔ (ii) of
Lemma 2.1, the geodesic topological space V (G) is compact. Moreover, the topological convex space V (G) is NS4 by
Proposition 5.4, and thus NS2, which clearly implies that the geodesic topological space V (G) is Hausdorff. Therefore,
this space is normal. 
We have already seen several characterizations of the Kℵ0 -free weakly median graphs which contain no isometric
rays, and thus, by Lemma 2.1, whose geodesic topologies are compact. We will now sum up these different results in
a theorem where the list of these characterizations will be enlarged. We will need the following deﬁnitions and result.
If G and H are two graphs, we will say that a map f : V (G) → V (H) is a contraction if f preserves or contracts
the edges, i.e., if f (x) = f (y) or {f (x), f (y)} ∈ E(H) whenever {x, y} ∈ E(G). A self-contraction f of G ﬁxes a
subgraph H of G if f (H) = H , and it ﬁxes a subset A of V (G) if it ﬁxes the induced subgraph G[A].
Lemma 5.8 (Polat [13, Theorem 5.9]). Every self-contraction of a weakly median graph G ﬁxes a non-empty ﬁnite
regular weakly median subgraph of G if and only if G is Kℵ0 -free and contains no isometric rays.
Theorem 5.9. Let G be a Kℵ0 -free weakly median graph. Then the following assertions are equivalent:
(i) G contains no isometric rays.
(ii) The geodesic space V (G) is compact.
(iii) For every ray R of G there is an inﬁnite A ⊆ V (R) such that MG(A) = ∅.
(iv) Each family of convex sets with an empty intersection contains a ﬁnite subfamily with an empty intersection.
(v) Each family of copoints with an empty intersection contains a ﬁnite subfamily with an empty intersection.
(vi) Every chain of intervals of G ordered by inclusion is ﬁnite.
(vii) Every hyperinterval of G is ﬁnite.
(viii) Each inﬁnite convex set of G contains an inﬁnite convex subset which induces a K1,ℵ0 in G.
(ix) Every self-contraction of G ﬁxes a non-empty ﬁnite regular weakly median subgraph of G.
(ix) Any of the preceding conditions is equivalent to the following ones with the additional requirement that the clique
number (G) of G is ﬁnite.
(x) Every family of (G)-wise non-disjoint convex sets has a non-empty intersection.
(xi) Every family of (G)-wise non-disjoint copoints has a non-empty intersection.
Proof. (i) ⇔ (ii) is the equivalence (i) ⇔ (ii) of Lemma 2.1.
(ii) ⇔ (iii) and (ii) ⇔ (iv) are consequences of Lemma 5.1 and of Theorem 5.3, respectively.
(iv) ⇒ (v) is obvious since a copoint is a particular convex set. Conversely (v) ⇒ (iv) is due to the fact that each
convex set is the intersection of a family of copoints. Indeed assume (v) and let (Ci)i∈I be a family of convex sets such
that
⋂
j∈J Cj = ∅ for every ﬁnite J ⊆ I . Then there exist a setK of copoints with a family (Ki )i∈I of subsets of
K such that
⋃
i∈IKi =K and Ci =
⋂
Ki for each i ∈ I . Hence, for every ﬁniteK′ ⊆K, there is a ﬁnite J ⊆ I
such thatK′ ⊆ ⋃j∈JKj , and thus ∅ =
⋂




(i) ⇔ (vi), (i) ⇔ (vii) and (i) ⇔ (viii) are Theorem 3.10, Corollary 4.3 and Corollary 4.12, respectively.
(i) ⇔ (ix) is a consequence of Lemma 5.8.
The implications (x) ⇒ (iv) and (xi) ⇒ (v) are obvious. For the converse we need the concept of Helly number.
We recall that the Helly number h(G) of a graph G is the smallest cardinal such that any ﬁnite family of h(G)-wise
non-disjoint convex sets has a non-empty intersection. This countable cardinal is clearly not smaller than the cardinality
of any ﬁnite simplex ofG, thus than the supremum of the cardinalities of all simplices of G, the clique number(G) of
G. Bandelt and Chepoi [1] have shown that h(G)=(G) for every weaklymodular graphwhose clique number is ﬁnite.
Therefore, whenever (G) is ﬁnite, (iv) ⇒ (x) (resp. (v) ⇒ (xi)) follows from the fact that every ﬁnite subfamily of
a family of (G)-wise non-disjoint convex sets (resp. copoints) has a non-empty intersection, and thus, by (iv) (resp.
(v)), that such a family has a non-empty intersection. 
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Because the clique number of a median graph is 2 and because a regular median graph is a hypercube, it follows
that the equivalences (i) ⇔ (ii) ⇔ (x) and (ii) ⇔ (ix) of Theorem 5.9 correspond to Theorems 1.1 and 1.2(2) of Tardif
[15], respectively.
6. Translating self-contractions
By Lemma 5.8, if a Kℵ0 -free weakly median graph G contains an isometric ray, then some self-contraction of G
does not ﬁx any non-empty ﬁnite set of vertices of G. Such a self-contraction which ﬁxes no non-empty ﬁnite set of
vertices is said to be translating, and a translating automorphism is called a translation. In [12] it was proved that a
particular end is linked to each translating self-contraction of a graph in the following sense.
Lemma 6.1 (Polat [12, Lemma 2.2]). If f is a translating self-contraction of a graph G, then there exists a unique
end of G, called the direction of f and denoted by (f ), such that, for every x ∈ V (G), the set {f n(x) : n ∈ N} is
concentrated in (f ).
In this section we will characterize the ends of a Kℵ0 -free weakly median graph which are directions of translating
self-contractions of this graph. We need several lemmas.
Lemma 6.2. Let  be an end of a graph G whose polytopes are ﬁnite, and let X ⊆ V (G) be concentrated in . Then
every ray of the subgraph G[coG(X)] belongs to .
Proof. Since X is concentrated in , it follows that X − CG−F () is ﬁnite for every ﬁnite F ⊆ V (G). Let ′ be an end
of G distinct from . Then there exists a ﬁnite set, and thus, since each polytope is ﬁnite, a ﬁnite convex set S ⊆ V (G),
which separates  and ′ and such that X ⊆ S ∪ CG−S(). By the convexity of S, the set S ∪ CG−S() is convex too,
and thus it contains coG(X). Therefore no ray in G[coG(X)] belongs to ′. 
Note that this result does not necessarily imply that the induced subgraphG[coG(X)] has only one end, as we already
saw with the two-way hyperintervals of the inﬁnite grid.
Wewill say that a setA of vertices of a graphG is ﬁnitely geo-dominated if the set of vertices which geo-dominateA is
ﬁnite and non-empty.We will also say that a ray is (ﬁnitely) geo-dominated if its vertex set is (ﬁnitely) geo-dominated.
Lemma 6.3 (Polat [13, Corollary 5.3]). Let G be a Kℵ0 -free weakly median graph. Then G contains no isometric rays
if and only if every ray of G is ﬁnitely geo-dominated.
Lemma 6.4. Let G be a Kℵ0 -free weakly median graph, and let  be an end of G such that no isometric ray of G
belongs to . Then every ray in  is ﬁnitely geo-dominated.
Proof. Let R ∈ . By Lemma 3.8 and Corollary 2.3, each polytope of G is ﬁnite. Hence, by Lemma 6.2, every ray of
G[coG(V (R))] belongs to . ThenG[coG(V (R))] contains no isometric rays. Therefore, by Lemma 6.3,V (R) is ﬁnitely
geo-dominated in G[coG(V (R))], and thus in G because coG(V (R)) is geodesically closed by Theorem 5.3. 
Lemma 6.5 (Polat [12, Theorem 2.1]). Let f be a translating self-contraction of a graph G. Then there exists a ray
R ∈ (f ) which is f-periodic, that is, for some n1, f n(R) ⊆ R and the restriction of f n to V (R) is injective.
Proposition 6.6. Let G be a graph such that, for any end , if no isometric ray of G belongs to , then each ray in  is
ﬁnitely geo-dominated. Then an end  of G is the direction of a translating self-contraction of G if and only if there is
an isometric ray which belongs to .
Proof. Let  be an end of G.
(a) Suppose that an isometric ray R=〈x0, x1, . . .〉 belongs to . By [8, Theorem 2], there exists a retraction f of G onto
R, that is a contraction of G onto R whose restriction to V (R) is the identity. Denote by g the self-contraction of R
such that g(xn) := xn+1. Then g ◦ f is a translating self-contraction of G whose direction is .
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(b) Conversely assume that  is the direction of some translating self-contraction f of G. Suppose that no ray in  is an
isometric ray of G. Then, by the property of G, every ray in  is ﬁnitely geo-dominated. The ﬁrst part of the rest of
the proof will be a modiﬁcation of the proof of Theorem 3.6 of [13]. By Lemma 6.5,  contains an f-periodic ray
R. Denote by D the non-empty ﬁnite set of vertices of G which geo-dominate V (R). By the properties of f and R,
there is some n> 0 such that f n(D) ∩ D = ∅ and f n(R) ⊆ R. Put g := f n. Without loss of generality we can
then suppose that D ∩ V (R) = ∅.
We claim that there exist y ∈ D, x ∈ V (R) and inﬁnitely many positive integers p such that
dG(y, g
p(x)) = dG(D, gp(x))dG(D, gp+1(x)).
Suppose that this not true. Let x ∈ V (R). Then, for every y ∈ D, the set Py := {p ∈ N : dG(y, gp(x)) =
dG(D, g
p(x))dG(D, gp+1(x))} is ﬁnite. For every y ∈ D denote by py the greatest element of Py , and let pD :=
maxy∈Dpy . Then dG(D, gp+1(x))< dG(D, gp(x)) for allppD . It follows that gp(x) ∈ D for someppD , contrary
to the fact that D ∩ V (R) = ∅. This proves the claim.
By this claim, there exist y ∈ D, x ∈ V (R) and inﬁnitely many positive integers p such that
dG(g(y), g
p+1(x))dG(y, gp(x))dG(D, gp+1(x)),
which implies thatD∩IG(g(y), gp+1(x))=∅. Therefore there exists an inﬁniteX ⊆ V (R) such thatD∩IG(g(y), x)=∅
for every x ∈ X.
We will construct a sequence z0, z1, . . . of vertices of G−D and a sequence X0, X1, . . . of inﬁnite subsets of V (R)
such that Xi+1 ⊆ Xi and zi+1 ∈ IG(zi, x) for all x ∈ Xi+1. Put z0 := g(y) and X0 := X. Suppose that z0, . . . , zi
and X0, . . . , Xi have already been constructed for some i0. Since, by the induction hypothesis, zj+1 ∈ IG(zj , x)
for all x ∈ Xj+1 and 0j < i, it follows that zi ∈ IG(z0, x) for every x ∈ Xi ⊆ X0. Hence D ∩ IG(zi, x) = ∅ for
every x ∈ Xi . Furthermore, since zi /∈D, and thus zi does not geo-dominate V (R), it follows that there is a ﬁnite
S ⊆ V (G−D) such that S ∩ IG(zi, x) = ∅ for every x ∈ Xi . Then, by the ﬁniteness of S, there exist a vertex zi+1 ∈ S
and an inﬁnite subset Xi+1 of Xi such that zi+1 ∈ IG(zi, x) for every x ∈ Xi+1.
For every i ∈ N, let Pi be a (zi, zi+1)-geodesic. Then R′ := ⋃i∈N Pi is an isometric ray of G. We will show that
V (R′) is inﬁnitely linked to V (R), and thus that R′ ∈  contrary to the hypothesis that there is no isometric ray in
. We construct a sequence i0, i1, . . . of non-negative integers and a sequence x0, x1, . . . of vertices of R such that
the intervals IG(zi0 , x0), IG(zi1 , x1), . . . are pairwise disjoint. Put i0 := 0 and let x0 be any element of X. Suppose
that i0, . . . , ik and x0, . . . , xk have already been constructed for some k0. Let ik+1 be a positive integer such that
ik+1 − ik > |⋃0 jk IG(zij , xj )|. Such a positive integer exists because all intervals of G are ﬁnite. Let jk. By the
preceding construction zik+1 ∈ IG(zj , x) for every x ∈ Xik+1 . Let xik+1 ∈ Xik+1 . Then IG(zik+1 , xk+1)∩ IG(zij , xj )=∅
by the choice of ik+1.
Now, for each k ∈ N, let Wk be a (zik , xk)-geodesic of G. Then (Wk)k∈N is an inﬁnite (R,R′)-linkage. 
The main result of this section follows immediately from Lemma 6.4 and Proposition 6.6.
Theorem 6.7. Let G be a Kℵ0 -free weakly median graph. Then an end  of G is the direction of a translating self-
contraction of G if and only if there is an isometric ray which belongs to .
Note that this result is in general not true if G contains an inﬁnite simplex as is shown by the following example. Take
the complete graph Kℵ0 whose vertex set is the set N of non-negative integers. This graph is a weakly median graph
which contains no isometric rays. Let f be the function such that f (n) = n + 1. Then f is a translating self-contraction
of Kℵ0 whose direction is the unique end of this graph.
This result can also be false for a weakly modular graph which is not weakly median even if it contains no inﬁnite
simplices. For example let G be the graph which consists of a ray 〈x0, x1, . . .〉 and of inﬁnitely many pairwise distinct
new vertices y0, y1, . . . which all are adjacent to all xn’s. This graph is weakly modular but not weakly median and
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contains no inﬁnite simplices and no isometric rays. The function f such that f (xn) = xn+1 and f (yn) = yn+1 is a
translation self-contraction of G whose direction is the unique end of this graph.
7. Centers
The existence of a particular non-empty ﬁnite ﬁxed set of vertices of a graph G (i.e., ﬁxed by all automorphisms
of G) can be interesting for different reasons. If G is an inﬁnite interval-ﬁnite weakly median graph, one of them is
to obtain a non-empty ﬁnite regular weakly median subgraph of G which is also ﬁxed by every automorphism of G.
Indeed, if F is a non-empty ﬁnite ﬁxed subset of V (G), then, by Corollary 2.3, coG(F) is ﬁnite and is clearly ﬁxed
by every automorphism of G. Therefore, H := G[coG(F)] is a ﬁnite isometric weakly median subgraph of G which
is ﬁxed by every automorphism of G. Now, by a more general result of Bandelt and Chepoi [3], the distance center
Med(H) of H, that is the set of all vertices x of H such that
∑
y∈V (G) dH (x, y) is minimum, induces a non-empty ﬁnite
regular weakly median subgraph of G which is ﬁxed by every automorphism of H, and thus of G. To sum up we can
state:
Proposition 7.1. If F is a non-empty ﬁnite ﬁxed set of vertices of an interval-ﬁnite weakly median graph G, then coG(F)
and Med(G[coG(F)]) are also non-empty ﬁnite ﬁxed subsets of V (G), and moreover Med(G[coG(F)]) induces a
regular weakly median subgraph of G.
We can note that the set of all non-empty ﬁnite ﬁxed sets of vertices of an interval-ﬁnite weakly median graph G is
closed under ﬁnite unions and non-empty intersections. Moreover, since this set is up-directed, its union (G), which
is the set of all vertices of G with ﬁnite orbits, is a convex set of G which is ﬁxed by all automorphisms of G.
A center of a graph G, that is the set of all vertices of G for which some property is maximal or minimal, is clearly
ﬁxed by all automorphisms ofG.A center of an inﬁnite graph can be inﬁnite but, as wewill see, there also exist “natural”
ﬁnite centers. In fact we will deﬁne four kinds of centers for a Kℵ0 -free weakly median graph containing no isometric
rays, and because the last three centers are ﬁnite, this will in particular imply that such a graph has a non-empty ﬁnite
ﬁxed set of vertices.
7.1. Invariance center
Let G be a inﬁnite Kℵ0 -free weakly median graph containing no isometric rays. We recall that the set
(G) := {x ∈ V (G) : the set {f (x) : f is an automorphism of G} is ﬁnite}
is a convex set of G which is ﬁxed by all automorphisms of G. The subgraph of G induced by this set is then also aKℵ0 -
free weakly median graph containing no isometric rays. This subgraph can be inﬁnite and in this case (G[(G)])
is not necessarily equal to (G). This brings us to deﬁne the sets (G), where  is an ordinal, by the following
induction:
• 0(G) := V (G);
• +1(G) := (G[(G)]);
• (G) :=⋂< (G) if  is a limit ordinal.
Because the geodesic space V (G) is compact, it follows that, if  is a limit ordinal, then (G) is non-empty
whenever (G) is non-empty for every < . In account of cardinality there is an ordinal  such that (G)=(G)
for every ordinal . The smallest of these ordinals will be denoted by (G), and the set (G)(G) will be called the
invariance center of G. This set is clearly a convex set of G which is ﬁxed by all automorphisms of G, but which is not
necessarily ﬁnite.
7.2. Geodesic domination center
Lemma 7.2 (Polat [13, Lemmas 4.5 and 5.2]). Let G be a Kℵ0 -free weakly median graph containing no isometric
rays. Then the geodesic space V (G) is scattered (i.e., contains no non-empty subset that is dense in itself).
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We recall the concept of Cantor–Bendixson derivative of a topological space. Let T be a topological space. We
denote byT′ the derivative ofT, i.e., the set of cluster points ofT. The Cantor–Bendixson derivative of order  of
T,T(), is deﬁned by induction as follows:
• T(0) :=T;
• T(+1) := (T())′;
• T() :=⋂<T() if  is a limit ordinal.
In account of cardinality there is an ordinal  such thatT() =T(+1). The smallest of these ordinals, denoted by
r(T), is the Cantor–Bendixson rank (CB-rank for short) ofT, and the setT(r(T)) is the perfect kernel ofT. This
set is the greatest subset ofT such thatT−T(r(T)) is scattered. ThusT is scattered if and only ifT(r(T)) = ∅. For
x ∈T, if there exists an ordinal  such that x ∈T() −T(+1), then  is called the Cantor–Bendixson rank of x.
Lemma 7.3 (Polat [11, Proposition 3.1]). Let T be a topological space that is compact and scattered. Then its
Cantor–Bendixson rank r(T) is equal to +1 for some ordinal , and the Cantor–Bendixson derivativeT() is ﬁnite.
FurthermoreT() is ﬁxed by every self-homeomorphism ofT.
The Cantor–Bendixson rank of a vertex x of a graph G with respect to the geodesic topology will be called the
geodesic domination rank of x. If there is a vertex of maximal geodesic domination rank, then the set of all these
vertices will be called the geodesic domination center of G. By Lemmas 2.1, 7.2 and 7.3 we obtain:
Proposition 7.4. Let G be a Kℵ0 -free weakly median graph containing no isometric rays. Then every vertex of G has a
geodesic domination rank, and the geodesic domination center of G is non-empty and ﬁnite. Furthermore the geodesic
domination center of G is ﬁxed by all automorphisms of this graph.
Note that the absence of isometric rays in a Kℵ0 -free weakly median graph is not a necessary condition for the
existence of a non-empty ﬁnite geodesic domination center. For example take the union of an inﬁnite family of rays
having only their origins x in common. Then {x} is the geodesic domination center of this tree.
7.3. Interval center
Let G be a Kℵ0 -free weakly median graph containing no isometric rays. We will deﬁne by induction the concept of
-maximal interval of G and the subset V of V (G) for each ordinal .
We will say that an interval of G is 0-maximal if it is a maximal interval (with respect to inclusion), and we will
denote by V0 the set of the endpoints of all 0-maximal intervals of G.
Let > 0. Suppose that the -maximal intervals of G and the set V have already been deﬁned for all < . We
will say that an interval of G is -maximal if it is maximal (with respect to inclusion) among all intervals of G whose
endpoints belong to V (G)−⋃< V, and we will denote by V the set of the endpoints of all -maximal intervals of
G. By Theorem 5.9, if the set V (G) −⋃< V is non-empty, then the set of -maximal intervals of G, and thus the
set V, is non-empty as well.
Now, for each vertex x of G, the unique ordinal  such that x ∈ V will be called the interval rank of x and will be
denoted by (x). In account of cardinality every vertex of G has an interval rank and there is a smallest ordinal, that
we will denote by (G), such that (x)< (G) for every x ∈ V (G). We will show that (G) is not a limit ordinal. For
that we need a general result.
Lemma 7.5. Let G be a connected graph containing no isometric rays, A an inﬁnite subset of V (G) and x a vertex of
G. If x does not geo-dominate A, then there exists a vertex y which geo-dominates A and which belongs to IG(x, a) for
inﬁnitely many elements a of A.
Proof. Assume that such a vertex y does not exist. We will construct a sequence z0, z1, . . . of vertices of G and a
sequence A0, A1, . . . of inﬁnite subsets of A such that Ai+1 ⊆ Ai and zi+1 ∈ IG(zi, a) for all a ∈ Ai+1. Put z0 := x
and A0 := A. Suppose that z0, . . . , zi and A0, . . . , Ai have already been constructed for some i0. Since, by the
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induction hypothesis, zj+1 ∈ IG(zj , a) for all a ∈ Aj+1 and 0j < i, it follows that zi ∈ IG(z0, a) for every
a ∈ Ai ⊆ A0. By the assumption zi cannot geo-dominate A. It follows that there is a ﬁnite S ⊆ V (G) such that
S ∩ IG(zi, a) = ∅ for every a ∈ Ai . Then, by the ﬁniteness of S, there exist a vertex zi+1 ∈ S and an inﬁnite subset
Ai+1 of Ai such that zi+1 ∈ IG(zi, a) for every a ∈ Ai+1.
For every i ∈ N, let Pi be a (zi, zi+1)-geodesic. Then⋃i∈N Pi is an isometric ray of G, contrary to the hypothesis
on G. 
Proposition 7.6. Let G be a Kℵ0 -free weakly median graph containing no isometric rays. Then (G) = (G) + 1 for
some ordinal (G), and V(G) is ﬁnite.
Proof. (a) Put V() := ⋃<(G) V for each ordinal < (G), and let V((G)) := ∅. Let < (G). We will show
that (V())′ ⊆ V(+1). Let u ∈ (V())′, i.e., u is a vertex of G which geo-dominates V(). Note that this implies in
particular that the set V() is inﬁnite. By Lemma 5.1, u ∈ MG(A) for some inﬁnite A ⊆ V(). Suppose that u /∈V(+1).
Then (u) =  for some . Hence there is some vertex v = u such that the interval IG(u, v) is -maximal. By
the deﬁnition of a -maximal interval and the fact that (a) for every a ∈ A, u /∈ IG(v, a) for every a ∈ A. Since
u ∈ MG(A) and because |MG(A)|1 by Lemma 5.1, it follows that MG(B)= {u} for every inﬁniteB ⊆ A. Therefore
v does not geo-dominate A since v is distinct from u. By Lemma 7.5, there exists a vertex w which geo-dominates A
and which belongs to IG(v, a) for inﬁnitely many elements a of A. Since MG(B) = {u} for every inﬁnite B ⊆ A, it
follows that w = u, contrary to the fact that u /∈ IG(v, a) for every a ∈ A. Consequently u ∈ V(+1). This proves in
particular that the set V() is geodesically closed.
(b) By the deﬁnition of the -maximal intervals and by (a), (V())<(G) is a strictly decreasing sequence of non-
empty geodesically closed sets. If (G) was a limit ordinal, then we should have
⋂
<(G) V() = ∅, contrary to the
compactness of the space V (G). Hence (G) is a successor ordinal, say (G) + 1. Therefore, V(G) = V((G)), which
is a closed set of the compact space V (G), is then a compact set. Moreover, by (a), (V((G)))′ =V((G)) =∅. Therefore
V((G)) is a compact set without cluster point. Hence it is ﬁnite. 
The ﬁnite set V(G) will be called the interval center of G. By the construction it is clearly ﬁxed by all automorphisms
of G.
7.4. Eccentricity center
Let G be a bounded graph, that is a graph whose diameter maxx,y∈V (G) dG(x, y) is ﬁnite. Note that such a graph
contains no isometric rays. We recall that the eccentricity of a vertex x of G is e(x) := maxy∈V (G) dG(x, y), that the
radius ofG is rad(G) := minx∈V (G) e(x), and that the eccentricity center ofG is the set of all vertices ofG of minimum
eccentricity.
Proposition 7.7. Let G be a bounded Kℵ0 -free weakly median graph. Then the eccentricity center of G is ﬁnite.
Proof. Denote by  the eccentricity center of G. First we will show that  has no cluster point. Suppose that  has
a cluster point u. Then u geo-dominates . Let v ∈ V (G) be such that dG(u, v) = e(u). Hence dG(u, v)rad(G),
with the equality whenever u ∈ . Then u /∈ IG(v, a) for every a ∈ . By Lemma 5.1, u ∈ MG(A) for some inﬁnite
A ⊆ V(), and |MG(A)|1. Then MG(B) = {u} for every inﬁnite B ⊆ A. Therefore v does not geo-dominate A. By
Lemma 7.5, there exists a vertexw which geo-dominates A and which belongs to IG(v, a) for inﬁnitely many elements
a of A. Since MG(B) = {u} for every inﬁnite B ⊆ A, it follows that w = u, contrary to the fact that u /∈ IG(v, a) for
every a ∈ A. Consequently  has no cluster point.
It follows that  is a closed set of the compact space V (G), and thus a compact set. Therefore it is ﬁnite since it has
no cluster point. 
Wewill now showwith the following example that there is no relation, that is no equality nor even inclusion, between
the last three centers that we have deﬁned. Let G be the graph which consists of a cycle 〈a, b, c, d, e, f, a〉 of length 6
whose vertices b, d, f are pairwise adjacent, of a vertex g adjacent to c, of a vertex h adjacent to e, and of three pairwise
disjoint rays Ra,Rg, Rh such that a is adjacent to all vertices of Ra , g is adjacent to all vertices of Rg , and h is adjacent
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to all vertices of Rh. Then G is a bounded Kℵ0 -free weakly median graph. {a, g, h} is its geodesic domination center
with r(V (G)) = 2, {c, e} is its interval center with (G) = 3, and {d} is its eccentricity center with rad(G) = 3.
7.5. Case of rayless trees
A rayless tree is a particular instance of a Kℵ0 -free weakly median graph containing no isometric rays. Different
centers of a rayless tree T have already been deﬁned by Polat and Sabidussi [14]. All these centers, which always
consist of a vertex or of two adjacent vertices of T, were obtained by constructing a strictly decreasing sequence of
subtrees of T with a last subtree whose vertex set is the required center. In particular the geodesic domination center
of a rayless tree T was introduced under the name of inﬁnite center of T and was obtained by deleting at each step of
the construction all vertices of ﬁnite degrees of the current subtree. The interval center of a rayless tree T was actually
not considered in [14] but can be obtained with the same type of construction by deleting at each step of the process
all endvertices of the current subtree.
For a bounded tree T, the interval center turns out to be equal to the eccentricity center. Indeed, if 〈x0, . . . , xn〉 is a
path of T of maximum length, then (xi) = (xn−i ) = i for every non-negative integer in/2, and then the interval
center of T is the set {xn/2, xn/2} which is clearly the eccentricity center of T as well.
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